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Using the electrostatic approximation, we analyze electromagnetic fields scattered by sharp con-
ical metal tips, which are illuminated with light polarized along the tip axis. We establish scaling
relations for the scattered field amplitude and phase, whose validity is verified with numerical sim-
ulations. Analytic expressions for the wavelength, at which the scattered field near the tip changes
its direction, and field decay near the tip extremity are obtained, relating these characteristics to
the cone angle and metal permittivity. The results obtained have important implications to various
tip-enhanced phenomena, ranging from Raman and scattering near-field imaging to photoemission
spectroscopy and nano-optical trapping.
Enhancement of electromagnetic fields near pointed
conducting surfaces has long been known to play an im-
portant role in various phenomena and effects, ranging
from St. Elmo’s light to the lightning rod effect. In mod-
ern science, scattered field enhancement near sharp metal
tips is widely used in tip-enhanced Raman and near-field
optical microscopies [1–5] and photoelectron emission [6–
8]. Strong local fields generated by sharp metal tips were
also suggested for trapping and manipulation of dielec-
tric particles [9] and isolated atoms [10]. Knowledge of
the electromagnetic field (both its amplitude and phase)
formed at and near an illuminated tip is crucial for un-
derstanding the above phenomena as well as for their
proper exploitation in different applications. Considering
numerous publications describing the effect of local (tip-
induced) field enhancement (FE) and devoted to various
tip-enhanced phenomena [2, 3], it is seen that the main
subject is the FE magnitude at the tip end [9, 11] and its
dependence on the system parameters [12, 13], with the
absolute majority of reports being based on numerical
simulations. As far as the analytical considerations are
concerned, one should note numerical analysis of exact
solutions of the electrostatic problem for a hyperboloid
tip placed near a planar sample surface [14], explicit elec-
trostatic field relations obtained for isolated paraboloids
[10], as well as analytic electromagnetic (i.e., retarded)
field expressions obtained for perfectly conducting [15]
and realistic [16] metal cones. Furthermore, note that
the classical electrostatic problem of the field near a con-
ducting and perfectly conical metal tip has also been con-
sidered in various textbooks [17, 18]. Despite all these
considerations, it is surprisingly little that can be pre-
dicted for a given tip geometry, especially with respect
to the phase of scattered near field and the field decay
away from the tip extremity.
Here, using the electrostatic approach in its simplest
form [17], we develop the near-field description for sharp
conical metal tips with a finite and complex permittivity
and analyze the structure of scattered electromagnetic
fields. We further establish scaling relations for the scat-
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FIG. 1. Sketch of metallic cone defined by the frequency-
dependent permittivity ε1(ω), apex semi-angle θ0, and tip
curvature radius a.
tered field amplitude and phase, whose validity is verified
with numerical simulations. Most importantly, we ob-
tain analytic expressions for the wavelength, at which the
scattered field near the tip extremity changes its direc-
tion (i.e., at which the phase lag of scattered field crosses
the pi/2-level), and for the field decay away from the tip
extremity, relating these characteristics to the cone angle
and metal permittivity.
Let us start by developing analytical expressions for
the electric field near an infinitely sharp conical metal
tip described by the apex semi-angle θ0, frequency-
dependent permittivity ε1, and surrounded by a dielectric
material with permittivity ε2 (Fig. 1). We assume that
in the vicinity of the metal tip the local field is signif-
icantly enhanced relative to the incident field, thereby
allowing us to apply boundary conditions directly to the
scattered field. Furthermore, we assume azimuthal sym-
metry (∂Φ∂ϕ = 0) so that Laplace’s equation for the elec-
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1
r2
∂
∂r
(
r2
∂Φ
∂r
)
+
1
r2 sin θ
∂
∂θ
(
sin θ
∂Φ
∂θ
)
= 0, (1)
which, for a narrow tip (θ0  1), suggests us to seek a
solution in the following form [17]
Φi(r, θ) = Air
δ (1 + f(θ)) , (2)
where subscript i = 1, 2 describes the two material do-
mains, Ai are constants, |δ|  1, and |f(θ)|  1. Note
that the radial solution r−δ−1 to Eq. (1) has no phys-
ical meaning, since the amount of accumulated charges
at the cone interface becomes infinite in this case. Sub-
stituting Eq. (2) into (1) and neglecting terms quadratic
in δ result in the expression for f(θ) as follows:
1
sin θ
∂
∂θ
(
sin θ
∂f(θ)
∂θ
)
+ δ = 0, (3)
whose solution can readily be written
f(θ) =
{
2δ ln(sin θ2 ) , θ > θ0
− δθ24 , θ < θ0
. (4)
The scattered electric field, given by Esc = −∇Φ, takes
the form 
Escr,i = −Aiδrδ−1 (1 + f(θ)) ,
Escθ,i = −Airδ−1 df(θ)dθ ,
Escϕ,i = 0,
(5)
where the relationship between A1 and A2 and the value
of the δ-parameter can be determined by requiring con-
tinuity of Escr and εE
sc
θ at the interface (θ = θ0) between
the two media:
ε2A2 = −ε1A1 θ
2
0
4
, (6)
δ =
1 + 4ε2
ε1(ω)θ20
2 ln 2θ0
. (7)
Note that for perfect metals (ε1 → −∞) the δ-parameter
reduces to known result [17]. For real metals with
|ε′1|  ε′′1 , however, δ is predominantly real-valued and
dispersive, with a change of sign at ε′1(ω)θ
2
0 = −4ε2. This
fact has important consequences for the scattered electric
field at the tip of the cone, as both the field strength,
phase, and decay away from the tip, c.f. Eq. (5), accord-
ingly will change with wavelength.
As a way of benchmarking the applicability of these
analytically derived results in realistic scenarios, we have
performed fully retarded three-dimensional finite element
calculations (using Comsol Multiphysics) of the electric
field near a metallic cone in air for a z-polarized Gaussian
incident beam propagating along the x-direction with a
e−1 beam radius of 1.5µm. In simulations, the metal per-
mittivity is from [19], the bulk cone is represented by an
optically thick metal layer of 150 nm with interior bound-
aries set as perfect electric conductor (in order to reduce
the number of degrees of freedom needed to discretize
the metal domain), cone height is 3.6µm, and the tip is
rounded by a radius a. The simulation domain (includ-
ing the cone) is terminated by Perfectly Matched Layers
(PMLs) in order to mimic infinite space. In the follow-
ing, when parameters are not explicitly mentioned, we
operate with the nominal configuration of a silver cone
with θ0 = 18
◦ and a = 2 nm. The small radius of curva-
ture is chosen to approximate as close as possible (e.g.,
with electrochemical etching of metal wires [3]) infinitely
sharp tips considered in the above analytical treatment.
We commence with analyzing wavelength-dependent
behavior of the magnitude of the scattered near field, as
well as the phase of the dominant component Escz , for
both silver and gold conical tips in the visible and near-
infrared regime (Fig. 2). It is seen that, in accordance
with the lightning rod effect, near fields are strongly en-
hanced at all wavelengths, though the plasmonic prop-
erties of silver and gold at visible wavelengths clearly
improves the FE effect [Fig. 2(a)]. Interestingly, the
peak values are not related to regular localized surface
plasmon (LSP) resonances, as seen in the phase of the
scattered light which is ∼ −pi at the spectral peaks and
not −pi/2 [time convention: exp(iωt)] as associated with
the LSP resonances. Surface plasmon polaritons (SPPs),
on the other hand, are generated at and propagate away
from the apex as is seen in the upper left image of Fig.
2(b), where arrows representing the scattered E-field at
the cone surface exhibit the overall nature of a damped
propagating wave. Note that the detailed picture of field
variation along the cone surface is rather complicated
due to the interference of SPPs with free space scattered
light. We would like to emphasize that the derived elec-
trostatic results for an infinitely sharp conical tip do not
take into account the excitation or existence of SPPs.
The remaining three images in Fig. 2(b) illustrate the
important fact that the strong FE at the tip is associated
with wavelength-dependent phase behavior, signifying a
change in the direction of scattered field at λ = 995 nm
for the nominal configuration. It should be noted that
the strong phase dispersion at visible wavelengths can
have important consequences for tip-enhanced phenom-
ena with pulsed excitation sources.
In the derivation of the electrostatic near-field approx-
imation for sharp conical tips, the δ-parameter turns out
to be a key figure of merit in describing the behavior
of the scattered electric field. Figure 3(a) shows the
dependence of Re(δ) on wavelength for both silver and
gold cones, demonstrating that the zero-crossing wave-
length blue-shifts for increasing apex angle θ0 and that
the assumption |δ|  1 is only satisfied for λ > 700nm.
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FIG. 2. (a) Magnitude of scattered electric field and phase
of Escz calculated 1 nm away from tip surface. (b) Large view
of the magnitude of the total electric field in the xz-plane
near the nominal cone (upper left image) and close-up at the
cone tip for three different wavelengths. Arrows show the
magnitude and direction of the scattered E-field at the cone
surface. In all calculations, the amplitude of the incident
Gaussian beam is 1 V/m.
As the radial field component Escr is proportional to δ,
it is expected that the change of direction in the scat-
tered near-field is directly related to the change of sign
in δ. In order to substantiate this claim we plot the
zero-crossing wavelength of Re(δ) as a function of the
cone angle together with simulation results for the wave-
length at which arg(Escz ) = −pi/2 [Fig. 3(b)]. Despite
a general offset of ∼ 100 nm in wavelength between ap-
proximate quasi-static theory and full-wave simulations,
it is evident that the simple analytical results capture the
overall behavior of the phase of the scattered near-field
with respect to cone angle and wavelength. One should
note that the wavelength for which the scattered E-field
changes direction is only weakly influenced by the tip
curvature [inset in Fig. 3(b)].
An important result of our simple theory is the
wavelength-dependent field decay of rδ−1 away from the
tip extremity [see Eq. (5)]. In order to validate such a
behavior, we have numerically studied the decay of the
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FIG. 3. (a) Real part of the δ-parameter [Eq. 7] as a function
of wavelength for a silver (inset: gold) cone in air with apex
semi-angle θ0 = 15
◦, 18◦, and 20◦. (b) Wavelength of Re(δ) =
0 as a function of θ0 for silver and gold cones in air. Markers
correspond to full-wave simulations of wavelengths at which
the phase of Escz is equal to −pi/2. Inset shows the wavelength
where arg(Escz ) = −pi/2 for three different radii of curvature
at θ0 = 18
◦.
magnitude of the scattered field away from the apex along
the z-direction for the nominal configuration [Fig. 4(a)].
It is seen that, in the double logarithmic scale, the scat-
tered field magnitude decays almost linearly with notice-
ably different slopes for the two wavelengths. The slopes
of the linearly fitted curves are plotted for several wave-
lengths in Fig. 4(b) together with the analytical value
of Re(δ) − 1. One notices that theory predicts a larger
wavelength-dependent variation of the field decay, with
simulations showing a faster decay for λ > 700 nm. We
believe that the noticeable difference between theory and
full-wave simulations owes to the presence of SPPs (dis-
regarded in the analytical treatment), whose field com-
ponents decay exponentially away from the metal tip.
That said, the analytical expressions do capture the gen-
eral trend in scaling of the near-field decay with respect
to the wavelength. Note that, in literature, the near-field
of a metal tip is often approximated by that of a spheri-
cal particle [1, 2] despite the fact that dipolar scatterers
feature r−3 near-field dependences.
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FIG. 4. (a) Numerically calculated magnitude of the scattered
field along the z-direction (see inset) for nominal configuration
at λ = 580 nm and 995 nm. Dashed curves represent linear fits
to the field decay in the log-log plot. (b) Plot of Re(δ)− 1 for
nominal configuration. Markers correspond to slopes of the
linear fitted curves of |Esc(z)| in log-log plot, as illustrated in
(a).
It should be noted that the derived quasi-static the-
ory assumes a zero radius of curvature at the cone apex,
implying that the E-field is singular at r = 0. By round-
ing off the tip extremity with the radius of curvature
a, the apex moves away from the singular point, hereby
reducing the field strength by ∼ aδ−1. This simple esti-
mate of the influence of the tip curvature on the near-field
enhancement agrees with expressions from related work
[12, 16], explaining also the factor of ∼ 2 increase in the
electric near-field at the tip extremity when the radius
of curvature in the nominal configuration is changed to
a = 1 nm [Fig. 2(a)]. Note that the gain in FE due
to a decrease in tip curvature reduces when increasing
the wavelength in accordance with the parameter |δ − 1|
becoming smaller [see Fig. 4(b)].
In conclusion, we have analyzed the structure of the
scattered electric near-field for sharp conical metal tips
of finite and complex permittivity by using the electro-
static approach in its simplest form. Analytically derived
expressions allowed us to establish scaling relations for
the amplitude and phase of the scattered field for rel-
atively long wavelengths (λ > 700 nm), whose validity
is verified by full-wave three-dimensional numerical sim-
ulations. The derived relations describe general trends
in the influence of the configuration parameters (cone
angle, wavelength-dependent permittivity and curvature
tip radius) on the amplitude and phase of scattered fields
that have important implications to various tip-enhanced
phenomena, ranging from Raman and (both linear and
nonlinear) scattering near-field imaging [1–5] to photoe-
mission spectroscopy [6–8] and nano-optical trapping [9]
as well as atom manipulation [10].
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